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Abstract: In this paper we extend the concept of a minimum cycle basis of a graph for the fuzzy graphs from the
minimum length cycle bases of the factors. We also apply the concept for the Cartesian product of fuzzy graph. This
paper will basically helpful for the researchers who are working on genetics, i.e. restructuring of DNA cycle, which

we assume is a product of Protein chain.
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I. INTRODUCTION

Minimum length bases of the cycle space of a graph
(MCBs)which attracts the researchers due to its applications
in the various areas of Science and technology. In 1847 G.
Kirchhoff first presents a treatise on electrical networks [4].
Later Berger, Flamm,Gleiss, Leydold, and Stadler (2004)
describe an application of minimum cycle bases to the
problem. Those researchers were applied this concept in
chemical information systems, structural flexibility analysis,
the force method of frame analysis, etc but they applied the
concept for crisp graph. In this paper we modify the concept
for fuzzy graph which will applicable for all the areas of
previous work and more in the field of genetics,
Optimization techniques and Network analysis etc. In the
article Minimum Cycle Bases of Product Graphs [2],W.
Imrich and P. Stadler construct minimum cycle bases for
Cartesian and strong products for crisp graphs. F. Berger
solves the same problem for the lexicographical product for
crisp graph [3].Keeping aforesaid application in our mind,
in this paper we discuss about the minimum cycle bases in
Cartesian product of fuzzy graph. Which may have an
application in the field of genetics for example, suppose a
dark complexioned couple wishes to have a fair
complexioned baby? It depends upon the DNA structure of
the baby which is the product of the DNA helices of the
couple. Suppose in one of the couple’s family there was a
white skinned person, then the membership of the
component of DNA which effects the color of skin becomes
high, in that particular couple. Then our task is to choose a
minimum cycle basis of the components of DNA so that
product will generate a cycle which produces the desired
result which is nothing but only to find a Minimum length
bases of the cycle space of the product of a fuzzy graph i.e.,
MCB:s of a fuzzy graph. The motivation towards this work
is obvious because of its huge applications in the field of
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network optimization and analysis as for example for multi
connected network it is very difficult to analyse the network
at any stage, so if we observe the normal graph by vector
space of the graph then it becomes easy to analyze it.

Il. PRELIMINARIES

Definition 2.1.A fuzzy set V is a mapping ¢ from V to [0,
1]. A fuzzy graph G is a pair of functions G = (o, ) where
o is a fuzzy subset of a non-empty set V and p is a
symmetric fuzzy relation on o, i.e. p(uv) < o(u) Ac(v). The
underlying crisp graph of G = (o, p) is denoted by G'= (V,
E) where E €V x V.

Definition 2.2. A pair V= (V; W) is said to be a fuzzy vector
space, when V is a vector space over a field F, and pu: V
—[0; 1] is a mapping which satisfy the condition u (kx +
ly) > w (X) Au (y) forany x, y €V and k, | €F.

Definition 2.3.Let V= (V, W) be a fuzzy vector space. A set
B={s1,52,53,00u..... s, } of vectors is said to be a basis of

V, if the following statements are satisfied:

(i) B is a basis of V;

(ii) For any {a;}1-; S F we have

n(E™ a;s;) = Ay u(a;s;)we denote all bases of V by
B(V).

Definition 2.4.The Cartesian product G = G;xG; of two
fuzzy graphs G; = (A, B;) and G, = (A, B,) of the
underlying crisp graphs G*; = (V3, E1) and G*, =(V,, E,) is
defined as the pair (A;xA,, B1xB,) where A; and A, are
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fuzzy set of vertices and B; and B, are fuzzy sets for edges
such that:

(l) (MAlx MAz)(Ul, Uz) = min (MAl(ul): MAz(Uz))for all (Ul,
Uz) eV.

(i) (Mggx Mgo)((u, u2)(u, v2)) = min (May(u), Mga(Upav,)) f
or all ueViand uyv, €E,.

(iii)  (Mg1x Mgp)((ug, 2)(vy, 2)) = min (Mg1(uUvi), Maa(2))
for all z eV, and uyv, €E;.

IIl. THE CYCLE SPACE OF A Fuzzy GRAPH

For a given Fuzzy graph G(o, p), let £(G) be the power set
of a fuzzy set E(G) including the empty set with
membership value p. This makes a fuzzy vector space over
the two-element field GL(2)= {0,1}. Where we denote zero
vector by 6=0 and sum of two vectors X, Y € E(G)is fuzzy
symmetric difference between X and Y. For an edge space
we define a map
f1E€(G) > B(G)st.f{(x,01),(y,02)} = (x +

vy, min(oq, g;)). We call E(G) the edge space of a fuzzy
graph. Therefore E(G) is a basis for the edge space €(G)
and its dimension is dim(E(G))=|E(G)|.

Similarly, vertex space B(G) of a fuzzy graph G is
obtained by taking the power set of V(G) and viewed as
fuzzy vector space over the field GL(2) when vector sum is
taken as fuzzy symmetric difference between any two sets
of the power set of V(G). The sub-space C(G)= Ker(f) is
called the cycle space of the fuzzy graph G and ker(f)
contains the cycles which are obtained by adding any
independent edges to the spanning forest of G and it also
contains the linear combinations of all cycles.

Definition3.1.The independent cycles of the cycle space is
called cycle basis for a fuzzy graph G if it generates all
other possible cycles of the space. The minimum length
cycle basis which span all other cycles is called Minimum
Cycle Basis or MCB.

The cycles C’s are subgraph of G whose all vertices have
even degree. They are simple if connected and if each
vertex in C have degree two. A cycle C can be represented

4(C)= 0, | ifegE(C),

1, ife€eE(C),

whereE(C) represents the set of edges in C. Generally, we
identify a cycle C by its incidence vector. The membership

of a cycle C is defined as o (C) =), .¢c w(€).

PROPOSITION |I. If a fuzzy graph G has m number of
edges, n number of vertices and ¢(G) number of connected

components than the dimension d of Cgr(2)(G) is equal to
m—n + c(G).
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Since, we assume that G is a simple graph so for
cycle basis of G let F be a maximal spanning forest of G,
So the set S=E(G) — E(F) contains the edges such that on
F+e it gives the independent cycle. Hence the number of
independent cycle i.e., dimension of Cgr(2)(G)= E(G)-
E(F)=E(G) — (V(G) - ¢(G)). So, d=m —n + ¢(G).

We called d, cyclomatic number of G. A cycle basis B
is a basis of GF(2)(G). It is called a minimum cycle basis if
its membership w(B) = Acep w(C)is minimum and
intersection of the membership of all edges of a cycle is
called cyclomatic membership.

Exampall. Let G be a fuzzy graph with five vertices and six
edges shown in the figurel. Each edges and vertices
assigns some membership value, now we have to find
MCB of G.
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Fig I: Fuzzy graph G and possible cycle basis

In Fig 1, for graph G first we obtained the cycles, which we
obtained by joining the independent edges to the minimum
strength spanning tree. Here the minimum strength
spanning tree contains the edges having membership value
.3, .6, .4 and .9. Thus we get three fundamental cycles and
among these three the cycle, C1 and C2 have minimum
strength. Hence it remains in the basis. Also according to
proposition 1 the dimension of G is 6-5+1=2. Since the
cyclomatic membership of C1 and C2 is .3 but for C3 it is
4 and min{ w(C1), w(C2), w(C3)}= .3. Hence C1 and
C2 are MCB of G.

PROPOSITION 2.Let ecE be an edge of a fuzzy graph G
through which there exists a shortest cycle C(e) with
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minimum membership. Then a minimum cycle basis B of
G must contain C(e).

Moreover, through ‘e’ it must contain some shortest cycle
whose strength is minimum. In general, the set {C(e) : C(e)
is a shortest cycle through eeE} but it does not span
Cer(2)(G). For an example, in Figure 1 every edge e belongs
to one of the four triangles, but according to Proposition 1,
dim QEGF(Z)(G) =12-8+1=5.

C ' /—'\ : )

B ,/;f \?\\ B

1 \/

Fig Il: Example showing that Proposition 2 generally does
not provide a cycle basis.

It is possible to remove the loops and multiple edges form a
graph, after removing it, we can choose the minimum cycle
basis of the remaining graph, and add to it the cycles
corresponding to loops. The basis obtained is a minimum
cycle basis of G.

Let u, v be two vertices joined by k parallel
edges with k > 2. In such case select an edge e’ with
minimum membership value among them. For each edge e
of the remaining k — 1 parallel edges compute successively
a shortest cycle through e and then remove e from G. The
remaining graph after applying this process for all pairs of
adjacent vertices is simple. We show that the set of cycles
Bobtained by computing a minimum cycle basis B, after
reduction of G to simple graph together with the set of
cycles B; obtained from the parallel edges and loops
mentioned above form a minimum cycle basis of G.

IV. In this section we described an algorithm to find a
minimum cycle basis of an undirected fuzzy graph G. First,
we can assume here that G is simple and connected. It
depends on the observation that a cycle basis is minimal
when no cycle in it may replaced by some another smaller
cycle. Thus, the algorithm starts with a fundamental tree
basis having minimum membership value and after that if
possible it successively exchanges cycles for smaller ones.
First we construct specific shortest paths in an auxiliary
graph selecting the minimum membership value and then
proceed for next. The basic idea is given in Algorithm.

Algorithm for Minimum Cycle Basis

Input: Undirected connected simple fuzzy graph G
Output: Minimum cycle basis B of G

1: Construct a fundamental tree basis By = {Ty, ... ,T,}.
2:fori=1toydo

3: Find the membership w(Ty), ....., o(T,)and calculate the
minimum.

4: Find a shortest cycle C;which is linearly independent of
Bi\{T:}

with Subroutine 2.

5. if w(C) < o(T; ) then
6: Bi:=(Bi-1\{T:})e{Ci}
7:end if

8: end for

9: Output B :=B,.

V. MCB IN CARTESIAN PRODUCT OF A FUZZY
GRAPH

The edge space in the Cartesian product of two fuzzy
graph G and H is €(G x H) ={(g, h)(d', h") | if g=g' and
e(hhe H or h=h"and e(gg')eG} and the membership value
of each edges are either min {c(g), u(hh")} or min {c(h),
(99"} Now for the cycle basis of these product graphs we
take the all possible sets of forests of GxH. Then the
minimum length independent cycles whose cyclomatic
membership is minimum remains in the basis.

(L .4)



COMPUSOFT, An international journal of advanced computer technology, 3 (11), November-2014 (Volume-IIT, Issue-XT)

((La).4) 5 ((LE).4)
4 4
(zan.n * (2.8
GxH

Fig: I1. Cartesian product of G and H

So, the cycle basis consists those cycles whose membership
sum in the forest is minimum.

Induced fuzzy sub graphs in GxH:In GxH the induced sub
graph is denoted by *G and H’ and is defined as *G=
GxHI[(x, Y)| y Vi and py=min{ p| ie Vi;} ] and H'= GxH
[(x, ¥)| x €Vg and pe=min{ pl je Vs}] which are fibers of
GxH. The edge of GxH can labeled as f* when = min{ys
and oy | f € Eyy and xeVg} and as e” when ey = min{p. and
oy | e € Egc and y €Vy}. So, we have exf={e*, f', ¢,
f}where e=uve E(G) and f=xye E(H). Two edges are
parallel if and only if they are in the form of * and ¢’ or
and ', respectively.

In a minimal basis of C(G x H) corresponding cycles in
different fibers can be transformed into each other by a
series of @-additions of squares taken from the set C.

Lemma:Let C eC(G) such that w(C)= min{w(C)}and y, z
€Vy. Then there is a collection of squares § <C(GxH) such
that C'= C'®S.

Proof:For y, z € Vylet P be a path from y to z consists the
edges ey, . . ., gjand the vertices vo =y, vy, . . ., Vj= 2. Then
(P*, o(PY) is the corresponding path in the fiberH* with
vertices (x, vj) and edges( e, 1). For each edge g = XX, €
Eg such that 1 (xyx2) is minimum and each path P in H we
write

C(g; P) = {XlelIXlEZI vy Xleh gzlxzeh XZE|.1, LR Xzely gy} and

w(C(g; P))=min{ “e;,"e,, . . .
X2e1, gy}

’ Xleh gZI or Xzeh Xze|-ly sy

for the cycle composed of the paths ( *P, w(P)) from (xy,
y) to (x4, 2) and (P, w(®P)) from (xz, ) t0 (X, y) together
with the edges (X1, 2)(Xz, ) and (xz, Y)(X1, ¥).If P consists of
a single edge h we have C(g;P) = gxh. Let P,and P“for the
subpaths from y to viand from vito z, respectively. Then
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C(g; P) = C(g, P)) ® C(g, P

sinceC(g,Py) and C(g,P¥) have exactly the edge (g, M) in
common. Thus we can decompose any cycle of the form
C(g; P) into a @-sum of 4-cycles:

C(g; P) =&} _,C(g; &) = &} _; (9%e)

Now consider a path Sin G from u to v with edges (gi, Hgi) -
Set C(S; P) = "PUS *UPUS Y and o(C(S; P))=min{max
Mup, Max WS, max pype, maxpsy}. Then C(S; P) =®i C(g;;
P) because C(g;; P) and C(g;_1; P) have the edges of the
path ¥Pin common, where x;= g; 1N & € V.

Finally, lety, z €H, C €C(G) and P a path in H connecting
y and z. Let u and v be adjacent vertices in C and write g =
uv. Then C = SU {g} where Sis apath in G connecting u
and v. Now C’®C(S; P) ®C(g, P) = C’. We know that both
C(S; P) and C(g,P) can be written as @-sums of squares
from C,.. Similarly, using same technique we can show that
for D € C(H) and u, v € Vgthereis a collection of squares
§"ce, suchthat'D="D & "'

Theorem l:Let G and H are two fuzzy graphs having
maximal spanning forests USG and W<H. Then the set
B = {g X h| geE(G) and p, =

min{y;V ie E(G)}, heéE(W)} U {g X h| geE(U),

heE(H)\ E(W) and w, = mini{y; V jeE(H)\E(W)}} is
linearly independent in S(G X H) € C(G X H).

Proof:For our convenience let B, and By be the set, left
and right side of the union of B. We have to show that B,
and Br are linearly independent and span (B.)N span (Bg)=

{0}.

Let B ={gkxhi | ke K} so for the independence of B we
have to show that },..x gx X h;, # 0 and w(@kxhy) 0.

Now take a pendant edge xy of the sub forest such that u,,,
is minimum in U, h;, S W, such that y is an end vertex.

Therefore, gix xy have an edge in the G-layer p;'(b). So
each gex xy contributes a unique such edge. Hence
Ykex Jr X hy, # 0 because X,.x g X h, contains an edges
in G-layer.

Similarly, we can prove that Bg is linearly independent and
any nontrivial linear combinations of its edges have an
edge in H-layer.
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Let Yrex 9x X hy= M e Span (B.) N Span (Bg). If M is
non zero then from above we can guarantee that M has an
edge {x}xh in H-layer. Then from the definition of B, and
Br it imply that h € E(W) and heE (H)\ E(W). So, M =0

Theorem I1: MCB in the fuzzy leader graph P,,xP,is the &®-
sum of independent squares such that 6, is minimum in P,
and o,is minimum in Py,

Proof:We know that P.,xP,contains the fiber *P,and *P, so
the membership of *P= min{oy, pgFwhere xeVpnand gye
Epm similarly, the membership of YP,.= min{oy, pnJwhere
yeVpmand hye Ep,. Hence the membership w(P@®*P,) is
minimum among all the squares of P,xP,. we know from
above that squares obtained from product graph is linearly
independent.

Let B ={gxhx | ke K and gee*P, and hge YP,} span
PmxPnandgx and hy are independent edges belongs to Pp,
and P, respectively such that u,, and ;. are minimum.

Algorithm for MCB in Cartesian product of a fuzzy graph:

In this section we try to find an algorithms for the
minimum cycle basis in Cartesian product of a fuzzy graph.
For this we first find the minimal spanning forest of a fuzzy
graph in such a way that the maximum number of edges in
that spanning forest have minimum membership value, we
omitted those edges which form a cycle in the spanning
forest. Atleast one edge must contained in the spanning
forest which has least membership value in the fuzzy
graph.

Input: Undirected connected simple fuzzy graphs G and H
Output: Minimum cycle basis B of GxH

1: Construct a fundamental tree basis Tg = {T4, . .
G and Ty={Ly,....., Ly}of H.

., T, yof

2:fori=1toy andj=I to # do

3: Find the membership of (T, ....., o(T)) and w(Ly), .....,
w(Ls) then findthe minimum (Ti) and  w(L;)

4: Find Hy; = {exf |e €Ts, f €Ty}

Hz = {Cy|CEBg, y EVH}
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H; = {’C | x€Vs, C €By}
5: Find H; U HyUH; for subroutine 2 and name it C;.
6: Find w(Cy), if 0(Cy< w(T;ULy) then Cie B.
7:end if i=y or j=#respectively.
8:end for
9: Output B :=B,..

Example:Let G1 be the K3 fuzzy graph, and let product
G1xG1 be its Cartesian product then the MCB of G1xGL1 is
obtained as follow:

Gy

Gi1xGy

Possible spanning tree for G1xG1 with minimum weight is
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Fig.4. Minimal weighted spanning tree of G;xG;

Hence in above tree when we join
independent edges then we get cycles of different length.
So on choosing the minimal length minimum weighted
cycles we get the MCB which contains three cycles of
length three, seven cycles of length four.

V1. CONCLUSION

In this paper we discuss about the minimum cycle bases
of the Cartesian product of fuzzy graphs these concepts will
be helpful to extend it for the more other important
products. These concepts will may extended upto a level
which will moderate the sectors like Computer Science,
Operations Research, Electrical and Communication, and
more other sectors of Engineering in new direction.
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