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Abstract: In the article authors develop an approach to calculating the statistic development probability for composite functions
of square values in Gaussian casual process trajectories. Calculating distribution density for additive composite functions is
based on standard Wiener process trajectories. Authors have developed a density formula for uniformly convergent
decomposition, with x = 0. The convergence is exponentially fast. The calculation of the approximated probability is presented:
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I. INTRODUCTION
In work the task about the calculating the density
of distribution of probabilities of a random variable J+ [W]

where is considered J [W]

T
J[u]z J.‘u(tjzdt
0 @

- functionality in space of L2 [6] [O,T].
Let W(Ute[0TIT>0 _ yaiectories of standard
Wiener process on [0, T] with a population mean of E

wz(t):t. This task, as well as other tasks about the
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calculating the density of distributions of probabilities of
casual values of additive square functionalities from
trajectories of Gaussian casual processes, is classical.

From the analytical point of view, Gaussian casual
processes are, apparently, the simplest casual processes. It
is connected with the fact that the Gaussian form of private
multipoint distributions of Gaussian processes allows to
calculate obviously characteristic functionality of each such
process and to apply to their research well-developed
analysis methods in Hilbert space [1,2]. Now the class of
Gaussian casual processes, at least stationary, is well
studied. For Gaussian processes, the problem about the
calculating the characteristic functions for random variables
such is essentially solved. On the basis of this method a
large number of solutions of the specific objectives having
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various appendices [3,4] is so far received). For example,
the first such result for the simplest stationary Gaussian
process (Ornstein-Ulenbek's process) was received still in
[5]. However, the problem of restoration of the density of
distribution on the basis of the turning-out formulas for
characteristic functions remains the guaranteed accuracy
which is still poorly investigated in sense of receiving the
approximations with suitable for use in all range of change
of a random variable. The usual approach to the solution of
this task (see, for example, [6]) leads to approximate
formulas for the density of distribution of f (x),x e [0, oo)
suitable for the assessment of probabilities of big evasion,
i.e. in asymptotic area X — o changes of values of a
random variable.

In this work we investigate a problem of calculating the
successive approximations of the density of distribution of
probabilities of f (x) for casual values of functionality (1) in
any piece [0, M], o> M> 0.

II. MATERIAL AND METHODS
As trajectories of standard Wiener process { w(t); t
>0}, w? (t) ~t1 are continuous Ew? (t) =t with
probability, honor probably for each of them the random
variable is defined J+ [w]

We will proceed [2] of the following formula for
the making function of a random variable (1)

or ()= £l s )~ (20 2,
or (2)-ay(ir2).

The density of distribution of f (x) random variable
It [w] is defined by the return transformation of Laplace

1 ioo+C —1/2
f(x) =— | e}LX (ch(/lllzT )) i (2)
271 —loo+C

where ¢>0, and a section in the plane A is made by a

negative part of the valid axis.
Let's enter density g(x) -T2 (T 2x) at xe [0, oo)

for which replacement of a variable of integration in (2) we

receive
1 ioo+cC —1/2
g(x) =— ] eﬂx (ch(/lllz» di =
2 i —loo+C
1/2
1 eotcC exp(ZAx - /11/2)
- 77 dA. (3)

\/Em —loot+C{ 1+ exp(— 24 )

I1l. RESULTS AND DISCUSSION

Let's prove the following theorem [7, 8] THEOREM. The
density of g (x) is represented as the following absolutely
meeting row

g(X)j/%é%(u%)exp —i(lﬁjz @)

foruhich Nyrest ,
gN—l(X):\/%I:ZON %(Hi)em _i(Hij

it is estimated by the size

2
Jon -2+ < 23 (ZL)lz(N +£)6Xp ‘i(N +ij (5)
~ 4

4N(N !) X 4

PROOF: Let's put in (3) c=0 as the available features lie on
a negative half shaft. We deform an integration contour in
the contour of C consisting of consecutive passing of ways

{sig; s € (— o0; O]}, {e-eis;s e [—%%} } {-stig; s €

(0;+ oo]}. Such deformation is possible since.

2 (@22 2 norel#2)- enr m212))

2

> i(ch(ZRl/2 cos(q)/z))—l): shz(Rll2 cos(go/Z)),
2

H T
where 2 = Re'? and on an arch of a circle {A;(p € ‘:—;7[]}
2

assessment for mo the module of sub integral expression in
is carried out (3),

| exp(/lx) exp(xR cos (p)

22 (o2 oo 2

guaranteeing at x> 0, Rll 2 cos (¢/2)<5 the performance of

a condition of Jordan on this arch at as much as small > 0,
sincecosp < 0. The same takes place for an arch

o3}

In (3) we will make replacement of a variable of integration

1.1/2 =q, theni = qz,dﬁ =2qdg. At the same time the
contour of C in the plane A after the transition to a limit
& — 0 to turn into a straight line { g=is, s € R } into the
planes g. After these transformations we have:
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1/2
V2 i (exp!Zqzx—q!j ;
q.

g(x) I a 1+ exp(— Zq)

i —loo
Let's pass to integration on a variable s, g = is, dg = with
ids. We receive

1/2
2 .
2 +oo !_ 2 - ’
g(x) _ |£ j_ s exp XS 1S ds (6)
1+ exp(— 2is)
integral

T —0

In the last we will makeshift

-1 . . .
s+ i(4x) = s of a variable of integration, therefore, we
will receive:

i [k
glx) =i ° 14 exp(f 2i(s + i(4X)_l)’ (ZX)_l)

T —%
exp(— 2x52)

ds =

2

T

()

In (7) we will spread out a denominator of sub integral
expression in meeting at any x> 0 and any s € R row

o ) a2

Its convergence is uniform in any strip [0, M] xR the planes
(%, s), M> 0.

Substituting the last expression in (7), we will receive

g (x) = gexp(— (16x)_1 )tj: (is + (4x)_1 )exp(— x32 )x
M exp(— 2i Is)exp( Ljds =

4 (l!)2 2x

Sl ) ).

1=0 (”)2 Zoo

N2
( ||j 1(1+1/2)
xexp| — X s+— | ———=|ds

X X

The shift of operators of summation and integration is
based on uniform convergence of a row on s at any fixed x.

In everyone composed the sums we will make a shift
il . . . . .

s+— = s 0nan integration variable, we will receive
X

2ol (mx)-l)%jj(as+<4x>-1{mexp<- )]
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+0 o

ﬁexp(—(lex)'l)iz(_l) (2')![is+

= 4 (l!)2

x exp(—xs2 —Wj ds.

I+1/4)
X
X

g(x)=

T

(8)

Let's present integral in the form of the sum of two integrals
according to the expression standing in a pre-exponential
bracket. The integral corresponding to the composed is
addressing in zero,

|
+t0 oo (-1)(2I) I\+1/2
i[]sX (l)—(z)exp( xsz)exp ujds =0
—0 1=0 4'(i) X
in a type of oddness of sub integral function. The integral
1+1/4
corresponding to composed * will be transformed as
X
follows
|
1(+> -1)(21) 1 I+1/2
—[ | exp(—xsz)ds)oZO % I+— |exp —M .
X \—© =0 4|(|!) 4 X

Substitution of this expression in (8) taking into account the
value of integral of Poisson leads to formula (4).

As a row (4) sign-variable g, does not surpass the

rest of a row gy first composed from among rejected.
Therefore, the assessment takes place (5).

INVESTIGATION. The assessment takes place [9]

lan 2 (x) < ze% N2 (9)

PROOF: Let's find assessment of the rest of a row (4). For
this purpose, we will write down on the basis of (4)
expression for g(x) in shape:

o(x)= \EI:ZOO (—1)I ayhy (),

(21)1 [I +1j,

(1+1/4)

hy (x):x_?’/2 exp| - ——— |,
X

Where a =

also, we will find a maximum on x functions hy (x)
Equating zero a derivative on x this function:

2
MO TG IR e
X

4 2

We find the solution x, of this equation - a point of the only

maximum of a function hy (x) :
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" (X*):(i)m@ if

Therefore, rest N assessment

2 ]

Let's estimate from the above coefficientay,
having made the received assessment of more transparent,

(2N—l " N[ 21-1 N 1 N 1
ay = = =Ml 1-—|=exp| ZIn|1-— | |[<
N N I= =1
2 N! 21 21 21

ep( 1§1j xp( L, .nN)j "
<exp| - < ——\1+ = ,
1) 2 \/ﬁ

in view of the justice of inequalities In(1— x) <x at
x>0 and

=

N 1 N dx

Z—>1+I—:l+|nN.

1=1] 1 x
3

Then, as \P <1, takes place 9
T

Let's estimate the accuracy of the approximations

of the probability of PR {JT [w]> c}received on the basis
of functionsg) , N =1 now{JT [w]> c} gN - 2, ... [6] As

distribution density f(x)=T _Zg(T _2x),

Pr{JT [w] > c}: 1—T_22I:)g(T_2x)dx =1- R(c),
R(c): c/T2

| X Jdx.

1 olx)

Having designated the right part of inequality (5) by means
of Qy (x) , We have:

|9N71(X)| <Qy (¥).
Let's define function now

Where,

/T2

ule)=1-Ry (e) Ry (e)= "1 (o) -y -y ()l

Our task is receiving the top assessment for
evasion |Pr{JT [w] > c}— PN (c)| Follows from inequality
(5) that-Qp (x)g gN—l(X) <Qp (x) Integrating ranging
from 0 to with / T 2, we receive

IT? IT? /T2
_c(j) QN(x)dxgccf) gNil(x)dxgc(I) QN(x)dx
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Therefore,

Ry €)' o 2l

it gives a required assessment

03 S RO R MO N P AP Pt

At last, to make an assessment (10) obvious, we
will calculate the integral standing in the right part

2
c/T2 2¢/T2  ((N+1/4)7 ) o
[ QN (x)dx =an.— | e 377 -
0 7z 0 X

X

c/T

QN (x)dx

Replacement of a variable of

yox V2 g

integration

W leads to a formula

ol [()

N+1/4

C/T2 () \/; ay
QN -
0 Pt N+1/4J_)N+1/4

From here, using Erfc(x) <1, we find uniform in
parameters with and T assessment

c/T? 2
g) QN (X)dX < eN_3 .

Thinner assessment considering the size of
parameters with and T, turns out the use of standard

inequality of [10] Erfc(x) <

Jax
? 2 2
I QN(x)dxsﬁa—Nzexp BTN
T

T(N +1/4) c

2

<\E(TN5/2)—1exp _(TN)
e C

IV. CONCLUSION

The task of calculating the characteristic functions for
random variables of type (1) in Gaussian casual processes
are essentially solved [5]. The task of the density
distribution of f on the basis of characteristic functions
formulas is studied insufficiently. Such a task involves
acquiring approximations with guaranteed accuracy,
applicable for the whole random variable change diapason.
The task of calculating successive approximations for
density distribution of f(x) probabilities for all random
composite functions (1) on every [0, M], o >M > 0 interval
has been considered. Accuracy assessment for probability

approximations of PR {JT [w] > c} received on the basis of

c

gn > N=1,2... functions is presented.
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V. SUMMARY
An impression in the form of absolutely meeting

row for a density of distribution of probabilities is gained:

1 ioo+C —1/2
o) - — "7 e enld2 )|
27 —loo+C

_ /2“’(—1)'(2')![ 1) _1( 1)2
= ”XSE; 4|(|!)2 I+4 exp < I+4
The top assessment for evasion is also received

|Pr{\]T [w] > c}— PN (c)|

c/T? 2
< '([ Qu (x)dx < /W

More exact assessment which considers the size of
parameters with and T has an appearance

|Pr{JT
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[w]>c}- Py (C)| < g(TNS/Z)_lexp _@
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