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Abstract: When examining a large group of people and provided that very few people get sick (the probability of a disease p =
0), there is a technique to diagnose the disease that allows reducing the use of drugs necessary for diagnosing the disease. A set
of all people (total - n) is divided arbitrarily into groups of k people (k>1). Then the blood of these k people is mixed and a part
is drawn for a single analysis. If it is possible to find k so that practically in all of these groups there will be no patients with a
disease, the quantity of the chemicals used for diagnosing can be reduced approximately k times. Section | (introduction)
describes this problem. In section 1l the proposed methodology is discussed. The first improved model include the problem of
finding the maximum natural value of k arises, so that almost all of these groups of k people include no sick people. The second
improved model shows that it is possible to further reduce the use of resources due to the fact that if a virus is found in the fluid
collected from a group of k people and the first k-1 people are healthy, then the last person should not be checked, since it is
definitely infected. The idea of the third improved model is based on the fact that the group can also be divided into smaller
groups and, under certain circumstances, the blood will be drawn not from each individual, but in small groups. The fourth
improved model consider the generalized technique. The section Il (conclusion) confirms that the scope of the proposed
methods is wider than that of the existing ones, using a numerical example.
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I. INTRODUCTION of the chemicals used for diagnosing can be reduced

When examining a large group of people and provided that approximately k times.

very few people get sick (the probability of a diseasep =~ 0),

there is a technique to diagnose the disease that allows

reducing the use of drugs necessary for diagnosing the II. PROPOSED METHODOLOGY
disease. A set of all people (total - n) is divided arbitrarily A. The firsti d model

into groups of k people (k> 1). Then the blood of these k ' & rst improved mode

people is mixed and a part is drawn for a single analysis. If The problem of finding the maximum natural value of k
it is possible to find k so that practically in all of these arises, so that almost all of these groups of k people include
groups there will be no patients with a disease, the quantity no sick people. In [1] the following probabilistic model is
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proposed. Let Y; be an integer-valued random variable
equal to the number of procedures performed for the i -th
party. Let n has no remainder divided byk. The total

number of procedures performed isY = Zile Y;. If the

mathematical expectation M(Y) = Zle M) =
%M(Yl) is less than n, then we can assume that some

savings were achieved. That is, it makes sense to calculate
the function ¢ (k) = M(Y;) and find its minimum byk. A
random value ¥; = 1 provided that all k people are healthy
andY; = k + 1, provided that at least one person is sick. It
is obvious that if the sick patients are independent of each
other, we have

Y, = where (1 —p)*
{k +1 where 1—(1-p)k

Then, calculate the mathematical expectation of a random
variable 1;
MY)=QA-p)f+k+DA-1-p")=(k+1) -
k(1 — p)*and, accordingly, the mathematical expectation
of a random variable Y"is equal to

z n 1
M =35, M) =M =n((1+3)-
(1- p)k>. To study the function M(Y") on an extremum in

[1], the following function is studied on extremum with an
actual argument x.

1
Kx)=1 to- 1-p)
The function K(x) =%+xp approximate to K(x)
investigated. Since K*(x) = —xl—z+ p then the minimum
intis %, = - 7 (L
point is x;, = N and K(\/E)
the model at M(Y) < n, or

_ 1
minK (x) ~ K(—=) =2,/p <1,
x Ve
orp < % = (.25.
Similar problems were considered in works [1-8].

= 2,/p. It makes sense to use

B. The second improved model

In [8] an analog of a random variable Y; is built - the
random variable A; has the form

1 where 1 -p)*
h; =< k  where p(1 —p)<!
k+1 where 1—(1-p)—p—-p)r1

The probability of the event is (1 — p)*~1p. If everyone in
the party is healthy, then one study is needed, with the
probability (1 —p)*. And if the previous two conditions
are not fulfilled, then a k+1 study is necessary, with the
probability 1 — (1 —p)¥ — (1 —p)*~!p. It is proved that
almost everywhere P(h; <Y;) =1. The mathematical

expectation of a random variable i = Zl.ll h; is

M(h) =n<<1 +%)—(k(+_p)+ 1)(1—p)k> =
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1— k
=M(D—H<Mm

The following function was also considered
p
Hx)=1+ ( + 1) 1—-p)*
@) Tt )a-»

which was investigated for an extremum. It is proved that
the equation H*(x) = 0 has a root x;, in which a maximum
is attained and 1 < x;, < x;, where x. - is the smallest root
of the equation K*(x) = 0. Using an approximate equality
(1 —p)* =1 — xp, itis seen that

HGx) =1+ ((1 P . +1>(1—p)x~

1-2p

1
~1+--— ———+xp+
A-px PTa-

x ((1p) +1)(1 *p) =

and the following function is studied.
p

00 = (=3 T iy

The minimum of this function is achieved at the point
7 1 [|1- Zp

LN
quantities of p and provided the fulfilling of two conditions
p < 0.5, and

2

. The last inequality is valid for small

1-2p 1—2p pz

e

minH(p) ~ H
P -P

Then, the followmg functlon was investigated for an
extremum:

y =p*—6p3 +11p? —6p + 1.
It is proved that the derivative equated to zero is equal to

y*z(p_;)<p_3+2x/§>(p_3—2£>_

It is proved that the function y on the interval [0%] is

positive and equals zero only at the point # It is proved

that the condition is fulfilled for all 0 < p < 0.5. Thus, the
scope of the new technique is wider than the scope of the
previous one.

1—2p p?
1-p

1-2
p)_ 2/ |~

mmH(p) ~ H(

[

C. The third improved model

The idea of the method is based on the fact that the group
can also be divided into smaller groups and, under certain
circumstances, the blood will be drawn not from each
individual, but in small groups. Take some numbers w and
v and denote k=wv. Break k individuals into w groups of v
people. In each mini-group we drew blood, mix it, take one
drop and store it. Then we take bioactive liquid from the
storehouse, and in each group of k individuals we mix it
and provide only one analysis. If none of the people in this
group is sick, then instead of k analyses, it is enough to do
one with the probability (1 —p)"”, otherwise in each
group should be made more than w+1 analysis, that is, in
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each group, blood drops will be taken, mixed and checked
for infections.

If only one group of v people has a sick patient, then it will
be necessary to make w+1+v analyses with probability
CL(1 —p)*™=D(1 — (1 —p)Y) - it is necessary to take an
additional test in the group with a sick patient.

If there is at least one sick patient in two groups of v, then
w+1+2v tests will have to be done with probability
C2(1—p)*Y=2(1 — (1 —p)¥)? - it is necessary to take
tests in two groups with the sick patients.

If in s<w groups of v people there is a minimum one sick
patient, then w+1+v analyses will have to be done with
probability C5(1 —p)*™ (1 —(1—-p)¥)° even in s
groups where sick patients are.

Note that the method for v=1 completely coincides with the
previous technique.

In this work an analog of a random variable Y; - 0, for all
1 < s < wis constructed taking the following form

0, =

1 where a-pm
w+1+sv where C3(1—p)*» 91 ->1-p))°
w+1+wv where a-a-poy”

Let us find the mathematical expectation of this random
variable:

M©) = ) Ci(1=p)" ™)1 = (1 —p)*)* +
s=0

W G =PI = (1= p)") +
s=1
w

0 SCHA = p)" (1 = (1= p)?.
s=0
Using the binomial distribution and expectation formulas
for 0 < a < 1 we have:
M@)=1+w(l-1A-p™)+vw@l-(1-p)")
at n multiple of wv we have
— 1 1

M) =3 M©@) =n(—-+-(1-(1-p)™) +1-
1-pu. Let us investigate the extremum function

Gw,v)=—+-(1—(1—-p)™) +1—(1-p)".

Since for sufficiently small positive p it is true that(1 —
p)"™ =1—vwp then the approximate value of the
function G (w, v) has the form:

Gw,v) = i%— p(w+v) =Uw,v).
It must be shown that the values vy = wy = % > 0 are at

least approximately the solution of the system
1
—=+ (1 =p)™In(1-p) =0
ot 2™t —p) - (1 - p)™ +
wv?  v? v v?
+(1-p)’In(1-p)=0

It is possible to consider approximately that v = w = %z_) is

the solution of the last system.
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Then G (%%) ~ 33/p? and
1 1

2
min G(w,v) = U( ) =3p3 <1,
w,v

1
orp < v 0.19245.

Thus, for arbitrary, € > 0 the condition minG(w,v) <
w,v

6
eminK (x), is satisfied when p < (g e) . The effectiveness
X
of the new method in comparison with the old one is

6
achieved already at p < (g) = 0,08779.

Thus, the application range of the new methodology is
narrower than of the previous two. Application area is
0 < p < 0.1952. The technique is more effective than the
two previous ones on the interval 0 < p < 0.0877.

D. The fourth improved model

Consider the generalized technique. We note that the
probability that in a group of v people for which it is
known that there is a sick person in it, there is only one
infected and he/she is the last in check, is equal (1 —
p)""!p and drawing blood from all patients is not
necessary. It is possible to take blood from the first v-1,
since the latter is apparently sick. One of three events is
possible: 4; - in the i-th group everyone is healthy; B; - in
the i-th group, the first v-1 tested people are healthy and v
is sick; C;- in an i-th group at least one is sick and the event
B; is not fulfilled. The probabilities of these events are
respectively equal —

P(4) =1 -p)’, P(B)=p(1-p)" ", P(C)=1-

1-p)¥ —pA-pr"
Then, take a biologically active liquid from the storage, and
in each group, we mix it and do just one analysis. If none of
the people in this group are sick, then instead of k analyses
it is enough to conduct one with probability (1 —p)*",
otherwise in each group more than w+1 analyses should be
made.
If exactly in s<w mini groups there is one sick patient who
is checked last, h other cases involve sick patients, and in
w-h-s cases everyone is healthy, we will have to make
w+ 1+ s(v — 1) + hv analyses with probability
w! v—1\s vyw—s—h

TH G —s i PA P A -»”

1-pA-p) ' =1 -
Let us find the mathematical expectation of this random
variable.

w w-—s

M) =(1-p)™ + Z(W+1+s(v—1)+hv)*
h

w - v—1ys P\W—S—h
TRy — s~y P =P @ =)

*(1-pA-p) -1 —-p")

Simplify the above-obtained expression by applying
formulas for the polynomial distribution. Using these
formulas, we have

1
M) = (77 (L=p) + (L= (1= p)) -
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1 p v v
—;1—(1—17) +A-0-p")

Let us test the function for an extremum

1 1
Q(w, v)=—+—(1—(1—p)w")—
1 p

St CR I CR CRDD

where w >0 and v > 0 are positive real numbers. It's
obvious that Q(w,v) < U(w, v). That is, the mathematical
expectation has been somewhat reduced. Let's try to
simplify the task a little. Since for sufficiently small

positive p the following equality is true (1 —p)™ =1 —
vwp, which follows from the limit Lim (1_p)p 1= vw,
p- -

then the approximate value of the function Q(w, v) has the
form

1 1
Y(w, v)=—+—(1—(1—va))—

1
—;1—(1—vp)+(1—(1—vp))—

1 1
= — —_—— 1 —
oyt W) (1~ vp)
Further, find the partial derivatives
Yo(w,v) =
YJ(W,V) = —W‘l' p +—f

It is quite difficult to solve even this simplified system the
usual way, by equating the derivatives to zero.

Note that vy = wy = 3\/_ > 0 are approximately the roots of
the last two equations described above, since

(11
()
()"
3\/_ -p
( Vp?) | =
=W<3‘T1+1v+*ﬁr><3v_

Note that the latter method can be used for large p < 0.2.

It's easy to calculate that Y (3\/_ 3v1_) =0929 < 1.

=0

Then,

\/_

1—p

' 3[)
=r*(3

I1l. CONCLUSION

The article proposed four models that provide resource
saving for diagnosing various deviations. Area of its
application 0 < p < 0.2. Further, this technique is more
effective than the previous ones on the interval 0 < p <
0.0877. Therefore, the questions of the application of the
techniques on the interval 0 < p < 0.5 can be clarified as
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follows - on the interval 0 < p < 0.0877 the third method
should be applied, on the interval 0.0877 < p < 0.25 - the
first one, and on the interval 0.25 < p < 0.5 - the second
one.Thus, the application scope of the new method is
somewhat wider than of the previous one.
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